In this work, a supersymmetric DDF-like construction within the pure spinor formalism is presented. Starting with the light-cone massless vertices, the creation/annihilation algebra is derived in a simple manner, enabling a systematic construction of the physical vertex operators at any mass level in terms of SO (8) superfields, in both integrated and unintegrated forms.
Introduction
The pure spinor formalism debuted more than a decade ago [1] and remains the only one that allows Lorentz covariant computations with manifest supersymmetry. Its fundamental piece is a BRST-like charge Q BRST = 
are the usual invariants defined by the supersymmetry charge
Observe that the fundamental length of the string is being fixed through α ′ = 2 but it can be easily recovered by dimensional analysis. In spite of its unknown origin, the power of the formalism resides on the simple form of Q BRST , which enables an elegant treatment of the cohomology in terms of superfields. For example, the massless open superstring states are in the cohomology of Q BRST at ghost number one, represented by U = λ α A α (X, θ).
Denoting the supersymmetric derivative as D α = i∂ α − 
where the superfields A m , W α and F mn are defined as
Both U and V were successfully used in loop amplitude computations and the results were shown to agree with the RNS superstring up to two loops [2] . On the other hand, the construction of the massive states is quite hard and only the first level of the open superstring has been studied in detail [3] . In fact, the proof that the pure spinor cohomology is equivalent to the light-cone Green-Schwarz spectrum was obtained in [4] through a complicated procedure, where the pure spinor variable was written in terms of SO (8) variables, involving an infinite chain of ghost-for-ghosts. Later, the equivalence of the pure spinor spectrum with the traditional superstring formalisms was demonstrated in different ways [5] , involving field redefinitions and similarity transformations, but an explicit superfield description of the massive states was still lacking. Inspired on the work of Del Giudice, Di Vecchia and Fubini (DDF) for the bosonic string [6] , this letter presents a generalization of the spectrum generating algebra to the pure spinor superstring. A DDF construction within the pure spinor formalism was already discussed in [7] . However, the approach of Mukhopadhyay has two main differences. First, the gauge (Wess-Zumino) used there to build the DDF operators introduces unusual terms in the creation/annihilation algebra, demanding an extended argument for proving the validity of the construction, related to the orthonormality of the transverse Hilbert space. Second, the lack of an explicit expression for the DDF operators in [7] , although sufficient for studying the D-Brane boundary states, makes the superfield description of the massive states incomplete. Here, a way to systematically obtain the pure spinor vertex operators at any mass level in terms of SO (8) superfields will be presented. Starting with the massless states in a particular light-cone gauge, which renders the massless vertices independent of half of the θ α components, the spectrum generating algebra will be shown to reproduce the expected superstring spectrum. As a by-product of this construction, Siegel's proposal for the massless superstring vertex [8] will be shown to give origin to a tachyonic state, reinforcing its quantum inequivalence with the massless vertex of the RNS string. In parallel, some particularities of the pure spinor approach will be discussed.
SO (8) superfields
It will be useful to establish the notation used here for the SO (8) decomposition. For any SO (1, 9) vector N m , the light-cone directions are represented by √ 2N ± ≡ N 0 ± N 9 while the remaining spatial directions will be written as N i , with i = 1, . . . , 8. The scalar product between N m e P m is simply In the construction to be presented, left and right-moving fields will be split. The only subtlety comes from the worldsheet scalars X m , which will be written as
This will be useful in studying holomorphic and anti-holomorphic sectors in an independent manner. The difference between open and closed strings will be discussed later, in the analysis of the spectrum. Suppose one starts analyzing the unintegrated massless vertex with a definite momentum
From the Lorentz covariance of the theory, an equivalent state can be constructed with momentum P + = √ 2k and P − = 0 in another frame. The gauge transformation can be used to set Aȧ to zero and to eliminate the θ a -dependence [9] , in such a way that λ α A α can be rewritten as
where a i and χ a are the polarizations of the massless vector and spinor, respectively, and
Here,
To show the BRST-closedness of (7) note that
The pure spinor constraint implies that
In complete analogy, one is able to construct the massless light-cone vertices with momentum P − = √ 2k and P + = 0. The result is:
where
Introducing the polarizations of the massless vector, a i , and spinor, ξȧ, the unintegrated vertex operator in this case can be cast as λȧAȧ = a i U i + ξȧYȧ, with
The next step is to derive the expressions for the superfields of (5). Since the construction is very similar for P + = 0 and P − = 0, the latter will be used in order to illustrate the procedure. It may be useful to emphasize that A a = 0 and DȧA˙b = 0 (the dependence on θȧ was removed) due to a gauge choice.
aȧ . This can be seen from the Fierz decomposition, where the 3-form vanishes due to Dγ +−ijk A = 0. Here, A i represents the non-vanishing vector components of the superfield given in (5a):
For W α , equation (5b) gives W a = 0 and Wȧ = −ikAȧ. At last, the non-vanishing components of the super field strength are √ 2F +i = − √ 2F i+ = −ikA i , completing all the blocks needed for the construction of the integrated massless vertex. Notice that the particular gauge of the approach presented here enables the simple component expansion of the SO (8) superfields of (9) and (10), which were already discussed in the work of Brink, Green and Schwarz [10] .
DDF operators: definition and algebra
The gauge fixed version of (4) is given by
As a consistency check, observe that
The first term inside the curly brackets is a total derivative whereas the last one vanishes due to the pure spinor constraint λ a λ a = 0, hence [Q BRST , V L.C. ] = 0. It might be helpful to point out that
a D a whenever acting on superfields that depend only on X + and θ a .
Defining the DDF operators V i and Wȧ through
it will be demonstrated that
which consists of a creation/annihilation algebra whenever acting on states with P + = 0. Observe that
Given two vertices V L.C. with polarizations a i , ξȧ and b i , χȧ , their commutator is computed to be
and vanishes for (k + p) = 0 , as the integrand is a total derivative:
Setting (k + p) to zero (with k = 0), the expression inside the curly brackets in (17) is a constant written in terms of the polarizations, directly shown to be
Note also that
The second line of this equation is a total derivative and using this result together with (17) and (18), the right-hand side of (16) is rewritten in a very simple manner,
which implies the DDF algebra of (15) according to the definition (14). In [7] , using a different gauge for the massless vertices, the DDF-algebra was determined up to O θ 2 .
The DDF operators are BRST-closed by construction, so are their (anti) commutators. Since there is no other candidate to compose the massless pure spinor cohomology, O θ 2 must be BRST-exact and decouples naturally in the definition of the orthonormal basis presented by Mukhopadhyay. Another way to present this argument is recording that the difference between the DDF-operators of (14) and the ones presented in [7] is a simple BRST transformation (a gauge choice), implying that O θ 2 is BRST-trivial.
Physical spectrum
The closed string case will be discussed first. To understand the action of the operators V i and Wȧ, consider the commutator
will always appear and it is directly related to the mass levels of the superstring. Single-valuedness of (21) will imply the discretization of p in terms of k: 2 (k · p) ∈ Z. This will be required in order for the operators to have any meaning at all, determining an acceptable operation for V i and Wȧ when commuting with U j and Y a . Note also that whenever k · p ≤ 0, the commutator vanishes, as there are only simple poles coming from the contractions of dȧ with the superfields U j and Y a .
From the state-operator map, the ground states associated to the algebra (15) will be denoted by |i; k and |a; k . They correspond, respectively, to the operators U i (z; k) and Y a (z; k) defined in (7) . Then, the direct (level-matched) product of the holomorphic and anti-holomorphic sectors, and the full vertex operators generated through this procedure will have momentum P + = − √ 2k and
(with N ∈ Z * ), satisfying the mass-shell condition
Concerning supersymmetry, it is easy to demonstrate that
and the supersymmetric structure of the spectrum is trivially shown. For the open string, the steps are almost the same. The difference arises in the definition of the integrated vertex operators, which will now be given in terms of an integral on the boundary of the disk.
The analogue of the OPE (21) is
where the operators are now boundary normal ordered * * * * . The single-valuedness condition will now be 8 (k · p) ∈ Z, as only half of the complex plane appears in the definition of the line integral. In other words, while the worldsheet coordinate σ ∈ [0, 2π) for the closed string, in the open string σ ∈ [0, π].
Then, the mass levels of the open string will be
Therefore, the light-cone unintegrated vertex operators in the pure spinor superstring at any mass level can all be manufactured from chains of commutators between the DDF operators with p = n 2k
(n > 0) and the massless (ground) operators U i (z; k) or Y a (z; k). Being BRST-closed by construction, this shows that the cohomology includes the light-cone superstring spectrum. An interesting observation is that the generated states contain only half of the λ α components, namely λ a , as it is the one that appears in U i and Y a , and the pure spinor contribution to V i (p) and Wȧ (p) comes from the Lorentz current
aȧ . Clearly, if the ground states were chosen to be U i (z; k) and Yȧ (z; k) in (8), the DDF operators would have been built out of the massless integrated vertices with P + = 0 and the light-cone spectrum would only depend on λȧ.
The versatility of the spectrum generating algebra also extends to the integrated vertex operators. In order to see that, the P + = 0 version of the DDF-operators will be needed and denoted by V i (k)
and W a (k). The procedure is completely analogous to the one presented above, just replacing
and Y a (z; k) by V i (k) and W a (k), respectively. There is now a subtlety that comes from the operators
and Wȧ
−1
2k , since the simple pole argument used for the annihilation of the unintegrated vertices when k · p < 0 does not work anymore. In other words, the commutators
are no longer guaranteed to vanish, which is potentially dangerous as they would imply physical vertices corresponding to states with m 2 < 0, that is, tachyonic states.
In the pure spinor formalism, the vanishing of the vertices (26) is related to the level of the ghost Lorentz algebra. Basically, the relevant OPE that will appear in the computation is
and precisely the factor of −3 in the quadratic pole ensures the absence of tachyons in this DDF description.
It is interesting to note that the pure spinor ghosts play no role at all in the derivation of the DDF algebra (15), which means that the light-cone version of the massless vertex proposed by Siegel obeys the same algebra and the vertices suggested in (26) would exist. Roughly speaking, the "incompleteness" of the vertex
leads to the existence of a tachyon in the physical spectrum. Perhaps a clearer example is the DDF construction in the bosonic string. Defining
it is easy to see the emergence of the tachyon vertex operator:
The level of the Lorentz current can be argued to be an evidence of the quantum equivalence of the pure spinor vertex operator (4) with the RNS massless one [1] . The spectrum generating algebra presented here, more than supporting this equivalence, shows through a simple construction that the light-cone spectrum of the pure spinor superstring coincides with the ones of the RNS and the GreenSchwarz formalisms. It must be pointed out that this is not a demonstration that the DDF-states span the pure spinor cohomology. For further details, see [9] .
Perspectives
In a deeper analogy with the RNS string [11] , it might be interesting to investigate whether a full DDF algebra will also exist here. If this is the case, it is expected that Siegel's like constraints will appear as symmetry generators for the operators V i and Wȧ (resembling, for example, the action of V The flat space construction of the spectrum generating algebra is also very appealing for it allows the determination of the whole physical spectrum by knowing just the massless vertex operators. It would be great if this same procedure could shed some light in the current knowledge about the superstring spectrum in curved backgrounds. Recently, the massless cohomology of the pure spinor superstring in AdS 5 × S 5 was determined in the limit close to the AdS boundary [12] , providing some ground for further studies on the generalization of the results presented here.
